We propose fast and robust mode conversion in multimode waveguides based on Lewis-Riesenfeld invariant theory. The design of mode converters using the multimode driving for dynamical invariant is discussed. Computergenerated planar holograms are used to mimic the shaped pulses driving the states in three-level quantum systems. We show that the invariant-based inverse engineering scheme reduces mode converter length as compared to the common adiabatic scheme.
Mode-division multiplexing (MDM) is a promising technique where multiple optical modes are used as independent data channels to transmit optical data [1] . One important building block for MDM systems is the mode converter [2, 3] . The two major routes to realize mode conversion in integrated optics devices are resonant coupling and adiabatic coupling. Resonant devices can be made very short but are highly sensitive to fabrication variations, whereas adiabatic coupling devices are robust against fabrication imperfections but long. A similar problem in atomic and molecular physics is the control of system state population by laser pulses [4] . Resonant pulse provides fast population transfer but is not robust, whereas adiabatic passage techniques are too slow. To combine the advantages of both resonant and adiabatic techniques, several schemes have been proposed [5] [6] [7] [8] [9] , where specially shaped pulses are used to achieve fast and high-fidelity state control. Recently, analogies between quantum mechanics and wave optics in integrated optics devices have been exploited to realize many interesting devices [10] [11] [12] . The similarities allow a straightforward adaptation of schemes developed for quantum system manipulation to the design of waveguide based devices. We have previously proposed adiabatic mode conversion devices using computer-generated planar holograms (CGPHs) [13] in multimode waveguides based on stimulated Raman adiabatic passage (STIRAP) [14] in a three-level system. Figure 1 shows a three-level system and the schematic of a corresponding CGPH loaded multimode waveguide, where multiplexed longperiod gratings with coupling coefficient variations along the propagation direction are used to mimic the delayed laser pulses in STIRAP. Recently, we demonstrated a shortcut to STIRAP mode conversion [15] based on transitionless quantum driving [7, 8] . In this Letter, we use invariant-based inverse engineering [16] to realize a fast and robust shortcut to mode conversion without the need of direct coupling of modes jΨ 1 i and jΨ 3 i.
For a quantum system evolving with a time-dependent Hamiltonian Ht, the corresponding Schrödinger equation is iℏ∂ t jΨti HtjΨti. An invariant It, which satisfies ∂I∕∂t 1∕iℏI; H 0, gives the relation, iℏ∂ t ItjΨti HtItjΨti [17] . That is, acting on a solution of the Schrödinger equation, the invariant produces another solution of the Schrödinger equation. The result implies that an arbitrary solution of the Schrödinger equation can be written as a superposition of the eigenstates ϕ n t of the invariant It. According to Lewis-Riesenfeld theory, we can write Ψt P n c n e iα n ϕ n t, where α n is the Lewis-Riesenfeld phase, and c n is a time-independent amplitude [17] . The timeindependent c n 's allow the engineering of the evolution of Ψt using ϕ n t without worrying about the coupling among them.
In a step-index multimode waveguide supporting N ≥ 3 forward-propagating modes, we consider three distinct modes jΨ 1 i, jΨ 2 i, and jΨ 3 i, coupled by a CGPH. We can design the CGPH to mimic the STIRAP process, so the evolution of mode amplitudes A i i 1; 2; 3 obey the coupled mode equations, i∂∕∂zA HzA, where A A 1 ; A 2 ; A 3 T , and the matrix element κ ij of H denotes the coupling coefficients between jΨ i i and jΨ j i. Replacing the spatial variation z with the temporal variation t, the same equations can be used to describe the probability amplitudes of a three-level atomic system driven by two laser pulses using the Schrödinger equation (ℏ 1). The associated Hamiltonian (where t is replaced by z and hereafter) is 
Solving for the eigenmodes jΨ D i, jΨ i, and jΨ − i, we obtain jΨ D i cos θ; 0; sin θ T , where tan θ κ 12 ∕κ 23 .
When the adiabatic condition
The eigenmodes of Iz are
sin γ cos β i sin β i cos γ − sin γ sin β i cos β 
To convert jΨ 1 i to jΨ 3 i in an arbitrarily short device length L, we choose γz ϵ and βz πz∕2L in Eqs. (3) and (4) to obtain [18] κ 12 π∕L cot ϵ sinπz∕2L;
κ 23 π∕L cot ϵ cosπz∕2L:
By choosing ϵ as the solution of sin −1 ϵ 4N; N 1; 2; 3… (multimode driving scheme) [18] , the superposition of jϕ 0 0i and jϕ 0i corresponds to jΨ 1 i, and the superposition of jϕ 0 Li and jϕ Li corresponds to jΨ 3 i, so that the light evolution will follow the eigenmodes of the invariant and converts jΨ 1 i to jΨ 3 i. In the following numerical example, we design CGPHs to implement the coupling coefficients Eqs. (7) and (8) to demonstrate mode conversion using the multimode driving scheme. We consider a 3 μm wide, five-moded polymer waveguide similar to the one in [15] for mode conversion from jΨ 1 i to jΨ 3 i. The CGPH is designed at the zero-detuning wavelength λ 0 1.55 μm and the TE polarization. The maximum effective index modulation is assumed to be Δn 0.003. We simulate a mode converter at 4 mm length using the beam propagation method (BPM). The coupling coefficients κ 12 and κ 23 are calculated using Eqs. (7) and (8) with ϵ 0.2527, and the calculated k 12 and k 23 are directly proportional to Δn in the waveguide. The designed CGPH to implement the coupling matrix Eq. (1) is shown in Fig. 2 . The CGPH pattern is used as an effective index perturbation to the multimode waveguide. Figure 3 shows the calculated beam propagation in the mode converter using mode jΨ 1 i as the input from the left hand side. According to the multimode driving scheme, jΨ 1 i is converted to jΨ 3 i at the output on the right hand side in a 4 mm device. In Fig. 4 , the corresponding modal power evolution along the propagation distance is shown, and the result agrees with theoretical predictions in [18] . The smooth conversion curve shows the good device length tolerance, which is characteristic of adiabatic devices. Clearly, the invariant-based multimode driving scheme can be realized in an engineered multimode waveguide.
Next, we calculate the shortest converter length using the multimode driving scheme. We numerically solve the coupled mode equations using κ 12 and κ 23 defined in Eqs. (7) and (8) with ϵ 0.2527 and plot the normalized modal power at the output of the converter as a function of the device length in Fig. 5 . We note that the maximum value of coupling coefficient corresponding to Δn 0.003 is 2.022 mm −1 for κ 12 and 1.755 mm −1 for κ 23 in this polymer waveguide platform in our numerical example. So, we cap the maxima of κ 12 and κ 23 at 2.022 mm −1 and 1.755 mm −1 , respectively, in our simulation to account for physical realizability in fabrication and to avoid additional scattering loss resulting from large effective index modulation. To obtain a conversion efficiency ≥99%, the device length can be reduced to 3.2 mm in this numerical example, compared to 11.4 mm in the conventional STIRAP converter [15] . The invariant-based scheme fails at lengths below 3.2 mm because of the limitation we put on the maximum value of κ 12 and κ 23 . Next, we investigate the device performance against fabrication variations. Errors in the CGPH etch depth is directly related to Δn, which in turn affects the coupling coefficients proportionally. In Fig. 6(a) , we plot the normalized modal power of jΨ 3 i at the output for different device lengths with Δn variations. The case for conventional STIRAP converters is shown in Fig. 6(b) . The robustness of the invariant-based device is comparable to that of sufficiently long (≥11.4 mm) STIRAP devices. We also note that there are several possibilities on designing the coupling coefficients, and one can further combine the optimal control method to optimize the device performance in regard to robustness against Δn variations [18] .
In summary, invariant-based inverse engineering of fast and robust mode conversion in multimode waveguides is investigated. The multimode driving scheme, originally developed to speed up population transfer in three-level quantum systems, can be readily applied to the design of integrated optical mode converters.
